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Last sentence of Efron (1979):

I also wish to thank the many friends who suggested
names more colorful’ than Bootstrap, including Swiss
Army Knife, Meat Axe, Swan-Dive, Jack-Rabbit, and
my personal favorite, the Shotgun, which, to paraphrase
Tukey, “can blow the head off any problem if the
statistician can stand the resulting mess.”
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• The bootstrap does not replace or add to the original
data.

• We use bootstrap distribution as a way to estimate the
variation in a statistic based on the original data.

• Bootstrap distributions usually approximate the shape,
spread, and bias of the actual sampling distribution.

• Bootstrap distributions are centered at the value of the
statistic from the original data plus any bias, while the
sampling distribution is centered at the value of the
parameter in the population, plus any bias.
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Bickel, P. J., & Freedman, D. A. (1981). Some
asymptotic theory for the bootstrap. The Annals of
Statistics, 1196-1217.
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If the quantity of interest, usually a functional of a
distribution, is reasonably smooth and your data are
i.i.d., you’re usually in pretty safe territory. Of course,
there are other circumstances when the bootstrap will
work as well.

When bootstrap can “fail”

Broadly speaking, the purpose of the bootstrap is to
construct an approximate sampling distribution for the
statistic of interest. It’s not about actual estimation of
the parameter. So, if the statistic of interest (under
some re-scaling and centering) is X̂n and X̂n → X∞ in
distribution, we’d like our bootstrap distribution to
converge to the distribution of X∞. If we don’t have
this, then we can’t trust the inferences made.

The canonical example of when the bootstrap can fail,
even in an i.i.d. framework is when trying to
approximate the sampling distribution of an extreme
order statistic. Below is a brief discussion.

Maximum order statistic of a random sample
from a U [0, θ] distribution

Let X1, X2, . . . be a sequence of i.i.d. uniform random
variables on [0, θ]. Let X(n) = max1≤k≤nXk. The
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distribution of X(n) is

Pr(X(n) ≤ x) = (x/θ)n .

Note that by a very simple argument, this actually also
shows that X(n) → θ in probability, and even, almost
surely, if the random variables are all defined on the
same space.

An elementary calculation yields

Pr(n(θ −X(n)) ≤ x) = 1−
(

1− x

θn

)n
→ 1− e−x/θ ,

or, in other words, Tn = n(θ −X(n)) converges in
distribution to an exponential random variable with
mean θ.

Now, we form a bootstrap estimate of the distribution of
n(θ −X(n)) by resampling X1, . . . , Xn with replacement
to get X?

1 , . . . , X
?
n and using the distribution of

T ∗n = n(X(n) −X?
(n)) conditional on X1, . . . , Xn.

But, observe that X?
(n) = X(n) with probability

1− (1− 1/n)n → 1− e−1 ≈ 0.632, and so the bootstrap
distribution has a point mass at zero, even
asymptotically despite the fact that the actual limiting
distribution is continuous.

By taking θ sufficiently large, we can make the
probability of the true limiting distribution arbitrary
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small for any fixed interval [0, ε), yet the bootstrap will
report that there is at least probability 0.632 in this
interval From this it should be clear that the bootstrap
can behave arbitrarily bad in this setting.

An example from a sample of normal random
variables

There are other similar examples of the failure of the
bootstrap in surprisingly simple circumstances.
Consider a sample X1, X2, . . . from N (µ, 1) where the
parameter space for µ is restricted to [0,∞). The MLE
in this case is X̂ = max(X̄, 0). Again, we use the
bootstrap estimate X̂? = max(X̄?, 0). Again, it can be
shown that the distribution of

√
n(X̂?− X̂) (conditional

on the observed sample) does not converge to the same
limiting distribution as

√
n(X̂ − µ).

https://elischolar.library.yale.edu/cgi/viewcontent.cgi?article=2404&context=

cowles-discussion-paper-series

https://www.win.tue.nl/~rmcastro/AppStat2013/files/note_on_bootstrap_failure.pdf

https://onlinelibrary.wiley.com/doi/pdfdirect/10.3982/ECTA6474
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Possible Remedies

Chapter 9 of Chernick (2007)
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Nothing is white
Nothing is black . . .
Everything is grey.
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