Course Proposal: “Markov chain Monte Carlo”

Course description
A. Objective: The course will provide a theoretical foundation for constructing and studying

Markov chain Monte Carlo (MCMC) algorithms, along with tools for analyzing MCMC

output. Special focus will be given on rates of convergence of a Markov chain and
comparing different MCMC algorithms. The course will primarily focus on discrete-time

Markov chains on general state spaces. The objective is to equip students with the tools to
develop, study, and implement an MCMC algorithm for any given problem.

B. Contents
S.No. | Broad Title Topics No. of
lectures
1. Motivation and a) Monte Carlo Integration, Bayesian 4
definitions estimation, Generalized linear Mixed
Models
b) Probability measure
c¢) Markov kernels
d) Detailed balance, Invariance,
irreducibility, aperiodicity
Elementary examples
2. Constructing MCMC a) Using reversibility: Metropolis-Hastings, 2
algorithms Barker’s kernels
b) Combining kernels
3. Metropolis-Hastings a) Algorithm’s definition 3
b) Markov kernel and proof of detailed
balance
c) Different proposal distributions
d) Example of MH and Barker’s algorithms in
real problems
4, Gibbs Samplers a) Component-at-a-time MH 2
b) Deterministic Scan Gibbs samplers
¢) Random Scan Gibbs samplers
d) Example of Gibbs Samplers in real models
5. Markov chain a) Total variation distance 5
Convergence and b) Harris recurrence and ergodicity
CLT c) Expression of asymptotic variance
d) Proof of CLT under general conditions
e) Sufficient conditions for CLT
6. Rates of a) Three rates of convergence 10
convergence of b) Special focus on uniformly ergodic and
Markov chain discrete state space Markov chains
c) Couplings
d) Drift and minorizations

Geometric ergodicity using couplings




f) Spectral properties and Cheeger

inequality
g) Examples
7. Comparing Markov a) First comparison theorem 2
chains b) Relation between various Gibbs samplers
c) Peskun’s Ordering
8. Estimation using a) Estimating expectations 2
MCMC b) Quantiles
c) Joint CLT of quantiles and expectations
9. Variance estimation a) Spectral methods 3
b) Initial sequence estimators
c) Batch means estimators
d) Strong consistency of estimators
10. Stopping criterion a) Sequential stopping rules 4
for MCMC b) Effective sample size
c) Gelman-Rubin diagnostic
d) Relation between Gelman-Rubin and ESS
11. Implementing a) Writing MCMC code 3
MCMC algorithms in b) Inbuilt packagesin R
R c) Visualization tools
Total 40

C. Pre-requisites: MTH309A or equivalent, MTH431A or equivalent. Familiarity with
Bayesian Analysis is preferred (MTH535A or equivalent), and consent of instructor.

D. Short summary: This course presents the theoretical and practical challenges of
implementing a discrete-time general state space Markov chain Monte Carlo algorithm.
Metropolis-Hastings, Gibbs samplers, and other component-wise algorithms are discussed
in detail. The theoretical part of the course focuses on studying rates of convergence of
Markov chains, and establishing the existence of a Markov chain central limit theorem. The
practical challenges of implementing these algorithms, such as step-sizes, stopping criterion,
output analysis, and implementation in statistical software are also discussed in detail.
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Other Departments/IDPs which may be interested in the course: Computer Science,
Electrical Engineering, and Economics.

Proposing Instructor: Dootika Vats (dootika@iitk.ac.in)
Proposing Department: Department of Mathematics and Statistics



